In a previous article a dipole moment surface (DMS) of full-electron, multi-reference configuration interaction (MRCI) quality was obtained and used to calculate the rotational spectrum of methane vibrational ground state, by means of a combination of the mean field configuration interaction method (VMFCI) with a generalized perturbation theory. The theoretical line intensities were matching the experimental ones obtained at the SOLEIL synchrotron well within experimental uncertainties.
Introduction
Methane and its main isotopologues are molecular species of great significance in Earth atmosphere [1] , and other Solar System objects such as Jupiter [2] , Saturn [3] , Titan [4, 5] , Uranus [6] , or Neptune [7] , to quote a few. It has also been detected in Brown Dwarfs [8, 9] and exoplanets [10] . A precise modelling of the ro-vibrational spectra of methane is of paramount significance for the understanding of the atmosphere of these astrophysical bodies: the better the knowledge of the spectra, the more accurate the derivation of molecular compositions, temperature and pressure profiles, radiative transfer balance, ... will be. In particular, the rotational forbidden spectrum of methane vibrational ground state can be used to derive methane abundances in Titan, Saturn or Neptune atmosphere [11] . However, recent experimental studies have obtained intensity values differing by about 20% [12, 13] . More generally, the experimental input to spectroscopic databases, used in astrophysical studies, is crucial. However, the need for theoretical predictions of methane spectrum has been recognized for years [9, 14] .
The ab initio calculation of a molecular ro-vibrational spectrum requires typically three ingredients: i) A potential energy surface (PES); ii) An effective method to solve the ro-vibrational Schrödinger equation and obtain energy levels and their associated eigenfunctions; iii) A dipole moment surface (DMS) to compute electric dipole transitions and intensities.
Proposed PES for methane include those of Gray and Robiette [15] , Lee, Martin and Taylor [16] , Schwenke and Partridge [17, 18] , Marquardt and Quack [19, 20] , Oyanagi et al. [21] , and more recently those of Nikitin, Rey and Tyuterev (NRT) [22] and Yurchenko et al. [25] . Other PES that have not been exploited for computational spectroscopy studies, as far as we are aware, are found in Refs. [26, 27] . Note that some of these PES have been partly refined using experimental data. In the present study, we have used the NRT PES transformed to mass-weighted Cartesian normal coordinates up to order 10, already employed in our previous studies [28, 29] .
Methane has served as a benchmark molecule for ab initio vibrational calculations and a detailed review of all the methods to solve its nuclear or vibrational Schrödinger equation is out of the scope of the present study. Eigenstates converged to within the cm −1 accuracy (or better), up to, say, the tetradecad for a given PES have been obtained by means of various forms of configuration interactions (CI) [30] [31] [32] [33] [34] (earlier references can be found therein). We have used the vibrational mean field configuration interaction (VMFCI) method [35] [36] [37] [38] [39] to solve methane vibrational, stationary Schrödinger equation.
It is implemented in the code CONVIV [40] , which can deal with molecules of arbitrary sizes and a wide range of Hamiltonian operators and basis functions: general HO basis "HO(ω,λ)" corresponding to a HO potential of wave number ω with minimum shifted by λ, Kratzer potential basis "KRA(r 0 ,D e )" eigenfunctions of a Kratzer potential [41] parametrized by equilibrium distance r 0 , and dissociation energy D e ; Morse potential basis "MOR(a,D e )" eigenfunctions of a Morse potential [42] parametrized by exponent a, and dissociation energy D e ; trigonometric Pösch-Teller potential basis "TPT(α,µ)"
eigenfunctions [43] (the parameter ν being set to zero); Chebychev polynomials "CHE"
and so on. The VMFCI method has been combined with a generalized perturbation theory [28, 35, 44] , to obtain effective rotational observable, from which accurate rotational spectra can be calculated [29, 45] .
The first DMS for methane to appear was the quartic DMS derived from an analysis of experimental data by Loete [46] . In the same vein, a simultaneous determination of force constants and dipole moment first and (some) second derivatives of methane was performed by Mourbat et al. [47] . First order derivatives were calculated ab initio by Hollenstein et al. at the second order Moller-Plesset, double zeta plus polarization, MP2/DZP, level [48] . The same group combined ab initio and experimental band strength from CHD 3 to derive a nine dimensional DMS for methane [49] . A modified MarquardtSheppard interpolated, fourth order, MP2/cc-pVTZ ("correlation-consistent polarized valence triple-zeta" basis of Dunning [50] ), DMS was constructed and used in Ref. [21] .
The averaged coupled pair functional method, (ACPF) [51] , with a cc-pVTZ basis was chosen in [52] to build another ab initio DMS. More recently, we have computed two third order DMS of Frozen-Core-MRCI/VQZ and All-Electron-MRCI/ACV5Z qualities [29] , and two independent sixth order DMS have appeared: i) that of Nikitin et al. at the coupled-cluster single and double with triple estimate, CCSD(T), plus first order, one-electron, Douglas-Kroll correction, level of theory using a correlation-consistent polarized valence quadruple-zeta basis, cc-pCVQZ, [53, 23, 24] , and ii) that of Yurchenko et al. at the explicitly correlated F12-coupled-cluster method with single and double excitations including a perturbational estimate of connected triple excitations, in conjunction with the corresponding F12-optimized augmented correlation-consistent polarized va-lence triple-zeta basis, CCSD(T)-F12c/aug-cc-pVTZ-F12, [25] .
In our previous work, we preferred the multi-reference configuration interaction (MRCI) method over the coupled-cluster approach, because (i) the latter is not always reliable at intermediate distances, between equilibrium and dissociation [54] , where several Slater determinants have significant weights in the wave function, (ii) only one MRCI calculation is sufficient to obtain the energy and the dipole moment at a given nuclear configuration, and (iii) MRCI dipole moment are obtained analytically and not numerically through the Hellmann-Feynman theorem. In the present case, it is mainly the last two reasons which are determinant, since static correlation was not important at the geometries considered. As for the determination of the equilibrium distance [29] , dipole moment derivatives have been found quite sensitive to core-core and core-valence excitations. So, we conducted full electron calculations. A well balanced basis to carry such calculations is the augmented correlation consistent, polarized, core, valence quintuple zeta (aug-cc-pCV5Z or ACV5Z in short) basis set. We adopted this basis set, which is larger than those used for the other ab initio DMS. However, our previous DMS, was only designed to compute methane forbidden spectrum [55] [56] [57] [58] [59] [60] of the vibrational ground state. So, it was only an incomplete third order expansion in normal coordinates. The purpose of the present paper, is to study the influence of the missing third order terms and to evaluate the reliability of our complete third order DMS to compute transition moments for ro-vibrational excited states.
The article is organized as follows: First, the ab initio ro-vibrational calculation scheme is outlined. Then, we analyse the new DMS and give updated results for methane vibrational ground state rotational spectrum. We conclude on the reliability of our DMS for excited states.
Ab initio calculation of methane rotation-vibration eigenstates
The ro-vibrational Hamiltonian used to describe the rotation-vibration degrees-of-freedom (DOF) of methane in the present study, as in [29] , is the Eckart-Watson Hamiltonian for non-linear molecules [61, 62] . This Hamiltonian may not be suitable to describe molecular states with significant amplitude along some floppy DOF. However, this is not the case of the low-lying vibrational states of methane, we are interested in. The potential energy surface (PES) in the Hamiltonian is the 10 th order, normal coordinate PES used in our previous calculation [29] . It has been derived from the Nikitin-Rey-Tuyterev (NRT) PES [22] . For details on the PES and on Watson µ-matrix expansion order, we refer the reader to Ref. [29] .
The ro-vibrational Hamiltonian has been diagonalized by means of a combination of the VMFCI method with a generalized perturbation theory [28, 35, 44] . In fact, this approach can be seen as a particular case of a unified method, called the generalized mean field configuration interaction (GMFCI).
The GMFCI method
A detailed account of the GMFCI method will be given in a forthcoming paper, only a brief description follows: The GMFCI method, as the VMFCI method, consists in considering a hierarchy of partitions of DOF. Each partition corresponds to a MFCI step.
At each step, for each subset of DOF in the partition, usually called "a contraction", an effective Hamiltonian, the so-called "mean-field (MF) Hamiltonian", is contructed and diagonalized in a finite Hilbert space spanned by a possibly truncated set of product basis functions. Such an approximate solution of the stationary Schrödinger equation is also known as a "configuration interaction" (CI) calculation. More precisely, a basis set for a given contraction at step n, termed "active" and denoted by J α , is formed by taking the products of functions belonging to basis sets for its components, that were contractions, I γ , of step (n − 1),
with possible truncations on the sum of their quantum numbers or their associated energy eigenvalues, The difference between VMFCI and GMFCI is that, in the VMFCI case, the MF Hamiltonian is constructed according to order 1 of the generalized perturbation theory, whereas in the GMFCI case, the order of perturbation is a flexible parameter, which can range from 0 to any positive integer. So, in VMFCI, the MF Hamiltonian corresponds to the total Hamiltonian averaged over a reference state, usually the product of ground states of the non-active i.e. "spectator" contractions,
In GMFCI with perturbation order strictly more than 1, the "generalized mean-field (GMF) Hamiltonian" will contain corrective terms involving all spectator states, for example, at order 2,
where the summation
extends over all spectator product functions different from the product of GS functions. Now, let us consider after the last GMFCI step that contraction 1 is active, with a spectator reference state, more general than the product of GS, equal to the product function
GMFCI calculation for methane
Let us number the twelve ro-vibrational DOF of methane. Number 1 is the symmetric streching DOF of mode ν 1 carrying an A 1 irreducible representation (irrep.) of the group T d , 2 and 3 the bending DOF of mode ν 2 carrying an E irrep., 4, 5 and 6 the stretching DOF of mode ν 3 carrying a F 2 irrep., 7, 8 and 9 the bending DOF carrying also a F 2 irrep., 10, 11 and 12 the three Euler angles [63] . The GMFCI calculation we have performed is the actually combination of VMFCI and perturbation theory used in [29] . It can be denoted compactly as,
, {2, 3}
(1,1,1,0) [16] , {4, 5, 6}
(1,1,1,0) [14] , {7, 8, 9}
(1,1,1,0) [16] , {10,
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).
The notation means the following:
-The first line specifies the basis sets used for the different DOF. Here, we have used standard harmonic oscillator "HO" basis functions, whose frequencies were derived from the quartic force constant of the PES, for the 9 internal DOF. For the Euler angles, we have used the basis made of eigenfunctions of a symmetric rigid rotator Hamiltonian [64] , namely, a "SYM-TOP" basis.
-Each of the other lines describes a GMFCI step as performed in CONVIV, or, when an exponent, "n", follows the last closing parenthesis, as on lines 2 and 3 of expression (6), a GMFCI step iterated n-times with identical partition, truncations and GMF perturbation orders. Iterating a GMFCI step permits to achieve MF self-consistency as in the vibrational self-consistent field method. The partition of the step is given in parentheses, the subsets of DOF making the partition being given in curly brackets. For example, lines 2 and 3 correspond to contracting degenerate components of internal modes together, and Euler angles together. In lines 4 and 5, all the stretching modes are contracted together. Finally, in lines 6 and 7, all internal modes are contracted together: it is an instance of the vibrational configuration interaction (VCI) method.
-The superscripts of a curly bracket correspond to the orders of the GMF due to DOF in spectator contractions, when the DOF inside the curly brackets are active. Since the GMF is given by the spectator ground states of the previous step, there are as many order indices as there are spectator contractions at the previous step. For example, on the third line, the contraction {2, 3} (1, 1, 1, 0) indicates that the GMFCI calculation, when the E-mode is active, is performed with order 1 GMF, (that is the usual MF), from spectator contractions {1}, {4, 5, 6}, {7, 8, 9} and order 0, (that is no mean field), from contraction {10, 11, 12}. So, there are four orders specified, whereas there are only three spectator contractions, DOF {1} and {4, 5, 6} being contracted at this step.
-When a proper GMF is used, that is when the GMF order, m, is more than 1, such as in line 7, the order index may have (m − 1) numbers as subscript. These numbers describe the truncations on spectator states for the sums appearing in perturbative corrective terms. For example, if the order m = 2, the sum of Eq. (4), that is in principle infinite, will be truncated in practice, according to one number specified as subscript. By convention, when the numbers of the subscript are in square brackets, the truncation is done according to function indices, (that is to say, according to restrictions on general quantum numbers), when it is in parentheses, the truncation is done according to wave numbers, (that is to say, according to thresholds on eigenvalues). For example, on line 7, {10, 11, 12} (4) (8281,8281,4160) means that the sums in second and third order, effective
Hamiltonian, corrective terms are limited to the 8281 first spectator (that is to say, vibrational, here,) functions above the ground state, while at order four, only 4160 basis functions are used.
-The same convention is used for the curly bracket subscripts. However, in this case, the numbers specify truncations on the product basis functions of the active contraction, instead of spectator contractions. On line 2, the integers in square brackets correspond to the maximum number, M max Jα , of degenerate HO quanta that appear in the product basis set of Eq.(1),
Jα , (in this particular case, this criteria is more convenient than the energy criterium of Eq. (2)). On line 3, the subscripts means that 599 product basis functions were retained for the stretching mode ν 3 , and 692 for the bending mode ν 4 , (recall that the ground states are always associated to quantum number 0). On line 4, 5 and 6, the subscrits refer to a truncation on the sum of eigenvalues, Eq. (2). However, we use in fact wave number thresholds in cm −1 , for the eigenvalue differences with respect to the ground state eigenvalues. For example, at line 4, the subscript of the stretching contraction means that we only retain in the product basis sets the functions whose sum of component wave numbers are less than 48000 cm −1 above the ZPE. Finally, on line 7, the subscript means that SYM-TOP basis functions up to rotational quantum number [J = 30] have been used.
-For the calculation of the effective dipole moment transition elements, a second order expansion has been used. The summations in both first (see Eq. (5)) and second order terms were truncated at the 8282 th vibrational Hamiltonian eigenfunction.
All these details were required to fully specify our GMFCI calculation. All the adjustable parameters have clear physical meanings. Their large number is related to the great flexibility of GMFCI calculations.
3 New DMS and resulting forbidden spectra
In the present work, we have only considered the DMS calculated at the highest level of electronic theory of Ref. [29] , that is, the full electron MRCI [65, 66] /ACV5Z [67, 68] .
A multi-reference calculation is compulsory to properly describe the electronic GS wave functions where several Slater determinant codominates, which usually occurs away from the equilibrium geometry, at nuclear configurations located on chemical reaction channels. The ACV5Z basis set is perfectly suited to describe core and core-valence correlations, which should not be neglected in high accuracy calculation of geometry sensitive observables, such as the electric dipole moment.
Our basis set is larger than those used in recent similar studies, hence the limited number of grid points. Each point corresponds to a nuclear configuration directly expressed in terms of mass-weighted Cartesian normal coordinates. The grid has been designed according to the spatial extension of the harmonic vibrational GS wave function. The equilibrium geometry and normal coordinates are those of our previous study. However, an augmented grid of 119 points has been used. It is provided as supplementary material [70] . 
Conclusion
The present work updates the ACV5Z results of Ref. [29] by including some third order terms that were omitted in the DMS. It permits to assess the influence of the latter terms and the robustness of our intensity predictions.
Recent variational calculations of methane rovibrational line positions and/or intensities [23, 24, 34] can be seen as particular cases of the MFCI approach, since they correspond to order 1 of our quasi-degenerate perturbation theory [35] . For example, the calculations referred to as "P=n" in [34] amount to performing order 1 perturbation calculations with all vibrational states with polyad number less or equal to n, considered as quasidegenerate. Similarly, the variational procedure with vibrational subspace compression of Rey et al. referred to as F(n) in [23, 24] is, in fact, an order 1 perturbation calculation with all vibrational states with F = 4 i=1 ν i less than n, considered as quasi-degenerate.
The equivalence has been verified numerically in [71] . The intensities predicted are in very good agreement with existing spectroscopic data up to the 9300cm −1 [24] . However, their rms with respect to the SOLEIL experiment data [13] is in average of 13% [23] , compared to the 6% obtained in the present work. In contrast, their rms with respect to older data in HITRAN 2008 [72] is only of 2.5%.
The major factor determining the quality of the DMS is the electronic calculation, provided a sensible choice of grid points and fitting function is made. The All-Electron-MRCI/ACV5Z level of theory represents a good compromise between accuracy and computational cost on an HP cluster plateform 4000. It is arguably the highest level of electronic theory employed so far to calculate a DMS for methane.
Although we used a limited number of ab initio points and only a third order polynomial expansion for constructing our DMS, it appears sufficient for our purpose, since over the relevant range of nuclear configurations, the DMS is a rather tamed function, with only gentle variations. In fact, the present work shows that, even the third order terms that were omitted in our previous DMS have little influence on the forbidden spectrum intensities of methane. We anticipate that the present DMS will still be useful to deal with the GS-Dyad and Dyad-Dyad spectra.
However, the GMFCI method has allowed us to calculate accurate ro-vibrational energy levels for higher polyads of methane [71] . In view of calculating transition intensities between these levels, we are considering extending the present DMS, with the help of computational invariant theory techniques [73] to derive symmetry-adapted polynomial basis of arbitrary orders in the most economical way. A tabulation of covariant polynomial basis sets for all irreducible representation of methane symmetry group is underway [74] . Gray and Robiette's conventions (Tab. 1 of Ref. [15] ). The x-and y-components can be deduced by symmetry. Table 1 Electric dipole moment z-component first and second derivatives of 12 CH4 (in Debye) for adimensional normal coordinates. Values obtained from our new fit are compared to those of [29] . Note, that some of the latter were slightly wrong due to a "copy-paste" error and are [48] . The sign convention for the normal coordinates is that of Gray and Robiette [15] , so the signs of the derivatives including q 2a and q 2b of Loete [46] have been changed accordingly, (see also Tab. 4 of Mourbat et al. [47] ). Table 2 Comparison with experiment [13] of calculated transition wave numbers and intensities for the R-branch of methane vibrational ground state. Theoretical transition wave numbers, ν ηη in cm −1 units, were calculated at fourth order of perturbation (second column). Order 2 of perturbation theory has been used to compute effective dipole moments, which in turn, were used to obtain theoretical intensities at 296 K, S ηη in cm −1 /(molecule.cm −2 ). The underlined transition in italics is singled out because it was withdrawn from the fit of the observed spectra, its relative error of 42% being too large.
TABLES
1 The line position are taken from Tab.A1 of [13] but actually they were obtained with the STDS code from an effective Hamiltonian fitted on experiments 2 Jean Vander Auwera, private communication Fig. 1. 1D -sections of the dipole moment z-component along the z-component of the IR active normal coordinates. Gray and Robiette conventions are used to define normal coordinates [15] . for dyad transitions. Gray and Robiette conventions are used to define normal coordinates [15] .
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